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Water Waves

• Water waves on the free surface of the ocean with periods of 3 to 25 s 

are primarily generated by wind.

• Regular Waves : Waves of constant height and period

• Irregular Waves : Successive waves differing periods and heights

• Linear wave theory :  The first-order Stokes, small-amplitude, or Airy 

wave theory

• Nonlinear wave theories : Cnoidal, Solitary, and Stokes theories





Regular waves

• Wave height H

• Wave period T

• Wavelength  L

• Water depth d

• Angular or radian frequency  = 2/T

• Wave number k = 2/L

• Relative wave height H/d

• Phase velocity or wave celerity C = L/T = /k

• Still Water Level (SWL), Mean Water Level (MWL), Mean Sea Level (MSL)



Regular waves



Regular waves

Governing Equation: 𝛻2∅ = 0

Boundary Condition

• Free Surface Boundary Condition kinematic B.C. ; 

 Kinematic FSBC : Retated with water particle kinematics

 Dynamic FSBC : Pressure is uniform on the free surface be uniform 
along the wave form

• Bottom Boundary Condition

• Lateral Boundary Condition



Regular waves

Kinematic FSBC

ζ=η ( x, y, t )

F( x , y ,ζ, t ) = ζ - η ( x, y, t ) = 0  at the free surface.
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Regular waves

Dynamic FSBC

As DFSBC is a requirement that the pressure on the free surface be 
uniform along the wave form, the Bernouli equation with pμ = C is applied 
on the free surface ,  ζ = η( x , y , t )

𝜕∅

𝜕t
+ 
1

2
𝛻∅ 2 +

pη

ρ
+ gζ = C(t)

where pμ is a constant and usually taken as gage pressure (pμ = 0 )



Regular waves

Botton boundary condition (B.B.C)

ζ = −h(x, y), Impermeable, Bottom does not move with time 

F= ζ + h x, y = 0 , at ζ=-h
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Regular waves

Periodic lateral B.C. (PLBC)

Wave is periodic in space and time

∅ x, t = ∅ x + L , t

∅ x, t = ∅ x, t + T



Regular waves
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Regular waves

Dispersion Relation

𝝈𝟐 =gk tanh kh

Wave Velocity Potential
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Regular waves



Wave Water Particle Trajectory



Regular waves



Particle velocity amplitudes with depth



Regular waves

• Kinetic energy per unit length of wave crest for a wave defined with the 
linear theory

• Potential energy per unit length of wave crest for a linear wave

• Total wave energy in one wavelength per unit crest width





Regular waves

Nonlinear wave theories
• Wave steepness (H/L) is a measure of how large a wave is relative to its 

height and whether the linear wave assumption is valid.

• Relative depth (d/L) determines whether waves are dispersive or 
nondispersive and whether the celerity, length, and height are 
influenced by water depth

• Large values of the relative wave height indicate that the small-
amplitude assumption may not be valid.

• Maximum wave steepness (Michell, 1893)



Region of application of wave theories



Formulas for Stokes' second-order wave theory





Irregular Waves

• Ocean waves are, generally, random in nature. 

• Larger waves in a random wave series may be given the form of a regular 
wave that may be described by a deterministic theory. 



Irregular Waves

• These individual components were generated by the wind in different 
regions of the ocean and have propagated to the point of observation.

• If a recorder were to measure waves at a fixed location on the ocean, a 
non-repeating wave profile would be seen and the wave surface record 
would be rather irregular and random.

• Definitions of wave height, period, and duration must be statistical and 
simply indicate the severity of wave conditions.



Irregular Waves

Rayleigh distribution

• Longuet-Higgins (1952) found from statistical theory that both wave 
amplitudes and heights follow the Rayleigh distribution.



Significant Wave Height



Global wave climate



Spectral analysis

• Rice’s (1944-1945) work on signal processing was extended to ocean 
waves (Kinsman 1965; Phillips 1977).

• E(f) or S(f) is actually a measurement of variance, it is often called 
frequency energy spectrum because (assuming linear wave theory) the 
energy of the wave field may be estimated by multiplying E(f) by g.

• The wave energy spectral density, E(f) or S(f), simply the wave 
spectrum may be obtained directly from a continuous time series of the 
surface (t) with the aid of the Fourier analysis.



Spectral analysis



Spectral analysis



Spectral analysis



Spectral analysis

• Zero-th moment of the spectrum (m0)

• Moments of a spectrum

• Approximate relations for most common wave parameters by the 
statistical analysis



Wave height distribution

• If wave energy is concentrated in a very narrow range of wave period, 
the maxima of the wave profile will coincide with the wave crests and 
the minima with the troughs. 

• This is termed a narrow-band condition.

• Under the narrow-band condition, wave heights are represented by the 
following Rayleigh distribution.



Definition of Sea State

Sea state code

Significant wave height(m) Wind speed (knots) Wave period(s)

Range Median Range Median Range
Most 

probability

0-1 0 - 0.1 0.05 0 - 6 3.0 - -

2 0.1 - 0.5 0.30 7 - 10 8.5 5.1-14.9 6.3

3 0.5 - 1.25 0.88 11 - 16 13.5 5.3-16.1 7.5

4 1.25 - 2.5 1.88 17 - 21 19.0 6.1-17.2 8.8

5 2.5 – 4.0 3.25 22 - 27 24.5 7.7-17.8 9.7

6 4.0 – 6.0 5.00 28 - 47 37.5 10.0-18.7 12.4

7 6.0 - 9.0 7.50 48 - 55 51.5 11.7-19.8 15.0

8 9.0 - 14.0 11.50 56 - 63 59.5 14.5-21.5 16.4

>9 >14.0 >14.0 >63.0 >63.0 16.4-22.5 20.0



Bretschneider Spectrum



Pierson-Muskowitz Spectrum



Pierson-Muskowitz Spectrum



JONSWAP Spectrum
Joint North Sea Wave Project



JONSWAP Spectrum

 F1 F2

1 1.00 1.0

2 1.24 0.95

3 1.46 0.93

3.3(1) 1.52 0.82

4 1.66 0.91

5 1.89 0.90

6 2.04 0.89

(1) Mean JONSWAP spectrum





Common spectral models for oceans

Typical JONSWAP -values for various 
offshore locations







Wave Hindcast Model Domains for 
U.S. Coasts




